1. By a well known theorem of Kolmogoroff there is a function whose Fourier series diverges almost everywhere. Actually, Kolmogoroff's proof was later generalized so that the Fourier series diverged everywhere [2, p. 175 ]; but we shall be concerned only with the almost everywhere theorem here. The proof involves rather severe restrictions on the orders of the partial sums which are shown to diverge. The following problem connected with this theorem was suggested to the author by Professor A. Zygmund. Given a sequence {p,\ of positive integers increasing to oo , can an integrable function / on (0, 2ir) be constructed so that the partial sums of its Fourier series of order pv diverge almost everywhere ? The object of our paper is to give an affirmative answer to this question. Let sp(x;f) denote the pth partial sum of the Fourier series of the function / at the point x.
Theorem.
Let {p,} be a sequence of integers increasing to oo. Then there is an integrable function f such that the sequence sPy(x; f) diverges almost everywhere.
Our construction
of/is a modification of that of Kolmogoroff. In the latter/ was made a sum of trigonometric polynomials of the following type:
where Km is the Fejer kernel of order m. The orders mk were made to satisfy the following conditions: We write
and investigate the qj partial sums of this trigonometric polynomial for x in the interval JJ=(Aj+n~1(\og n)~llb, Aj+i -«_1(log n)~llb),
Writing the Fejer kernels in exponential form, we have If not, put Ti = eia\ Ti\, where a depends on/ but not on x. The first two terms of the right side of (6) may be written
Since O^jT -| Ti\ ^(log n)~ll2T, the second term in curly brackets does not exceed in absolute value 2_1(log n)~ll2T. The first term above is -Teial2 sin (tjX -a/2).
Thus, if x belongs to Jj, 1 ^j<n -n1'2, and if
it follows from (6), (7), and (8) that The details of what is meant by "sufficiently rapidly" are given in [2, p. 175] . From what has been shown in §2, it follows that for almost every x and for arbitrarily large n, pr can be found from our original sequence such that |sj,"(x; /)|^C6(log w)1'4. Appropriate modifications can be made in the construction so as to make/real.
